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2013
Higher School Certificate

Trial Examination

Mathematics Extension 2

General Instructions

e Reading time — 5 minutes

o Working time — 3 hours

o Write using black or blue pen

e Board approved calculators may be
used

o A table of standard integrals is
provided '

e All necessary working should be
shown in every question

Total Marks — 100

L Section I ] Pages 25
10 marks
o Attempt Questions 1-10
e Allow about 20 minutes for this section

[ Section IT ] Pages 5-11

90 marks
e Attempt Questions 11-16
e Allow about 2 hours 40 minutes for this section

Assessable Outcomes: A student

Ol | applies graphical methods to various functions & solves polynomials.

O2 | applies a wide variety of techniques involving integration.

O3 | applies problem solving techniques with complex numbers.

04 | solves conics & determines volumes by methods of integration.

05 | solves restricted motion problems in mechanics & extension 1 harder topics.

-
m

ANSWER SHEET TO THE QUESTION PAPER AND YOUR WRITING PAPER.

HAND UP IN ONE TIED BUNDLE.
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Section [

10 marks

Attempt Questions 1-10

Allow about 20 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 The equation of the tangentto xy® + 2y = 4 at the point (2, 1) is

(A) x+8y =10
10

,..\
3]
o
P
|
oo
-
Il

2 Ifz=1-3i=2 (cos (:3—33) + isin (_?n)), then what is the value of z2*9

(A) 221

®) -2%
() (2
@ -

3 When the circle |z~—~(3+4i)|=5 is skefched on the Argand Diagram the
maximum value of |z| occurs when z lies at the end of the diameter that passes
through the centre and the origin.

What is the maximum value of |z|?

(A) +5
B 5
(€ 10
@) 1o



Mathematics Extension 2 HSC Trial
4 One rational root exists for P(x) = 2x® — 3x% + 4x + 3 such that P( 72—1) = 0.

When P(x) is fully factorised over the complex field, what is the result?

(A)  @x+1)(x%—2x+3)

B)  (2x+1Dx—-1+ V2 (x+1+ VD)
©)  @x+ D+ 1~V (x+1+iVD)
D) @x+Dx—1~iV2)(x—1+iVD)

5 Thecubic equation 2y3 —9y2 + 12y +k = 0 has two equal roots.
What are the possible values for % ?

(A) —4 and -5

(®) —4 and 5
(C) 4 and -5
(D) 4 and 5

Which of the following graphs is the locus of the point P representing the complex number
z moving in an Argand diagram such that lz - 21" =2+4+Imz?

(A) a circle
(B) a parabola
© a hyperbola

(D) a straight line



7

8

9
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What is the area bounded by the x axis and the curve v = x(16 +x2)™%5 between
x=0 and x=37

(A)
(B)
(©)
D)

3 units®
log, 3 units®
log, e units®
log, 1 units?

For constant £, the equation e** = k+y/x  has exactly one solution when there is a
common point as well as a common tangent.

What is the value of £?

(A)
®)
(©)
(D)

1
Ve
2V/e

e

ABCD is a cyclic quadrilateral. Q and P are external points such that ¥ lies on the line
PR and S 1s the intersection of PR and QC. Assume that PR bisects angle APD and
QY bisects angle DOC.

Q

NOT TO SCALE

Which of the following is NOT true?

(A)
(B)
(®)
(D)

<QYR isaright angle

AQRS is always isosceles
ABCD is always a kite

Y is always the midpoint of RS
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1 = > 5 >

In the Argand diagram below vectors OP, OQ, OR, OS represent the complex
numbers p, g, r, s respectively where PORS is a square.

ya P

The statement ¢—s = i(p—r) about lengths of the square is

(A) always true

(B)  never true

(C)  sometimes true

(D) notable to be accurately determined
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Section II
90 marks

Attempt Questions 11-16
Allow about 2 hours 40 minutes for this section

All necessary working should be shown in every question,

Question 11 (15 marks) Use a SEPARATE writing page.

x+1 1

8 d ) L . Xt -
(8 (1) Find a primitive function for each of PiziiE and 21 2xa5

X

(i} Hence, or otherwise, find f dx.

x4 2x+5

dx
x(x+2)

3
(b) Evaluate f 1

(¢) (1) Express (secxtanx)* asaproduct involving sec?x

T
. 7 4 4 - iz
(i)  Show that f g Sec xtan xdx 35 -

(d) Use the ¢-substitution method with ¢= tang to find the value of

A
5 ag

0 1+sin6+cose

T

1 . 3 .
Upy if U,= ft}z sin"x.

(©) () Show that U, = ’%

(i)  Hence, or otherwise, prove that 4=32 when U,-U; = % .
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Question 12 (15 marks) Use a SEPARATE writing page,

. 3
(a) (1) Write - + x—2 as asingle algebraic fraction.

. 3
= — 4 yx_
(ii) Sketch y s T X 2.

. . . x
(i) Hence, or otherwise, solve the inequality 2 <0.

(b) Therootsof x°+2x°~3x~1 =0 are @, § and y.

. . o
Find an equation whose roots are —y—ﬁ- — and —

{c}) The pomts P(ep, cp™) and Q(cq, cq™1), lie on the rectangular hyperbola
xy = c%. The chord PQ meets the x axis at C. O is the centre of the hyperbola and
R is the midpoint of PQ.
(1)  Draw a sketch showing all the information.
(ii)  Find the equation of chord PQ.
(iii) Find the co-ordinates of C.

(iv) Find the co-ordinates of R.

(v) Showthat OR=RC.
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Question 13 (15 marks) Use a SEPARATE writing page,

(a) Thehyperbola, A has the Cartesian equation  5x2 — 4y? = 20 .

(b)

P is an arbitrary point, ( 2sec8, V5 tand ).
(i) Find the eccentricity of A and state the co-ordinates of its foci, S and S".
(ii) State the equations of the directrices and both asymptotes for A.

(i)  Sketch the curve, clearly showing all of the above features.

(iv)  Demonstrate that P( 2sec®, V5 tan8) lies on H.

) Show that the tangent to H at P is

xsecO yvtang _

2 V5

(vi)  The tangent at P cuts the asymptotes at L and M.
Prove that LP = PM.
(vil) O is the origin.

Show that the area of AOLM is independent of the position P on H.

The function y =f{x) is denoted by f{x) = x3 — 6x.

(i)  Sketch the graph of y = |f(x)| =[x — 6x | on a separate set of axes.

(i)  Sketch the graph of y = }T(%cT = (x® — 6x )" on a separate set of axes.
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Question 14 (15 marks) Use a SEPARATE writing page.

(@)

(b

(c)

Consider the region bounded by the two curves y =3 —x2 and y=-2x.
Suppose two vertical lines, one unit apart, intersect the given region.
(i)  The vertical lines are x=x; and x=x, + 1.

Find the value/s of x; so that the area enclosed by the two vertical lines and
the two curves is a maximum.

” . . .11 .
(i)  Show that this enclosed area is 35 units?.

Justify that this area is the maximum.

The area bounded by the y axis, the line y =1 and y =sin x is revolved about the
line y = 1.

Using a slicing technique, find the volume of the solid of revolution formed
between x=10 and x=g.

Use the method of cylindrical shells to find the volume of the solid formed when
the area enclosed by y = (x — 2)? and y = 4 is rotated about the y axis.
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Question 15 (15 marks) Use a SEPARATE writing page.

(8 () Factorise z°+1 over the real feld. | 1
(ii) Listtherootsof z°+1=0 in rcisd form. 1
(i) Deduce that 2cos %+ 2c05 2~ 1 = 0. 2

() (i) Using the tan (A — B) expansion, show that if mx = tan~1Q — tan"tv

then mx= tan“l(%). 1

. . 1 b
(i) Showthat a=1, b=—landc=0 if = Z v+c. 1
v+v3 v 142
(©)

A particle ‘moves in a straight line against a resistance numerically

equal to m(v + v?) where v is its velocity. Initially the particle is at the origin

and is travelling with velocity Q, where Q > 0. Assume ¥ = —m(v + v3).

(1) Show that the displacement x in terms of v is x = % tan™?t (%;—vv). 3

(i) Provethat t = — log (M) where £ is the time elapsed | 3

2m YeNy2(1402) psed.

(iii)  Find an expression for the square of the velocity as a function of time.
(iv) By finding the limiting values of velocity and displacement, explain why

this particle eventually slows down and show that this occurs near a point
where Q = tan(mx).

...10_..
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Question 16 (15 marks) Use a SEPARATE writing page

(8) A sequence of polynomials, called the Bernoulli Polynomials, is defined by the
three conditions:-

(b)

()

(i)

(iid)

()

(i)

(i)

1. BD (X) =1
2 Bi(x) = = (8, ()) = nBoy®

3. fy By (x)dx =0 if n >

Show that B, (x) = x—%.

If By (+1) — By () = mx™' and  g(x) = Buya(r+l) — Bras(®)
prove that

g'(x) = (nrnxn"1
Hence show g(x) = (n+1)x™ + C, where C is a constant.

Use the method of mathematical induction to prove that

B, (x+1) - B, (x) = nx™? if n =1.

By squaring, or otherwise, show that for k =0,

2k+3 > 2vk+2vk+1.

By decomposing 2k + 3 and factorising 2vk+ 2 vk + 1 —2(k + 1) show
that for k =1,

> 2(WVEFZ - vKF1).

1
vik+1
Hence, or otherwise, show forn =1,

1
t=>2Vn+I-1).

End of paper

11—



A Ry~ A

A C S Y -

EXENS{oN L

LIS

Wovrrme CocE Sxmodl (one i )

3
P oy oS
N w%umuﬁ U o TN %W
& l&/[ﬁr/_,#@:o.. ﬂ + v aﬂéé .
by G Q!
S M v . ™ wm z,zz ﬁ o A d
.l >N N g ~
e T TR S e ¥ TR D N
H 1] { _MJ: o
g _ §R N W™ 0o
~ 3 | L ¥R P
/& ) A__J e, @ N} ~ A . ey
4 ) - 3
v 8 kY o 3 5
) ~ T - N o~ ¥
A ™ Y 1 —
Y ¥ 3 - b T
9 = V%% - - R Lyl &
b o NNV NS O - I
% . 3
> I SN - I SC B  E
¢ ™ 3 a ~ln | I.M —~ 1 | N
frn!K\ Y % — + \.fﬂ. [ U 5@ o 0 r ‘ o " I ;
Lo RN 1 N Ry 3R @
/M N = g, [y Afg ~ fJ T il :m 3 I , i =
=, S o N o = " Y 1 At I
¢ DT OWE YN i L et ;
. R = : X
S : ~N 8 Ny < v A
N T e s Rl 3
3..T ] A I 9 N3 o} ./_.L o Ny
I 1l T DI o
R N = N S g
&~ oy . S
zf 3_ .
mﬂ e 2 2 nL
Class: M1 M2
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SECTION 2 SOLUTIONS

QUESTION 11
. x+1 - tp 2x+D) 1dx - ldx
ai f xE2x45 zf 242345 dx I xZ42x45 ! 42l
= lnfx? o 1
sin(x® +2x + 5)+C f G &
-1%+1

= %ran +C

2
x+1-1

i = e E TN
i iams = n(x® +2x+5) —;tan* T2 4 ONEMARKEACH total /3

1 1 .
L __a, b _ 3. T2
x(x+2) x + (x+2) x + (x+2) ONE MARK
3 dx 3 H -1
: = ["& 2 =Emx—= 3
’ fl #x+z) YL x 0 (x+2) dx = [Finx—2in(x + )R ONE MARK
= 2[(n3 — In5) — (In1 — In3)
1 1, 9
= 3 (In9 —n5) = Zin ONE MARK
total /3
c i (secx tan x)* = secx . sec®x (tanx)* = sec?x (1+tan?x)(tan x)*
ONE MARK = sec?x ((tan x)* + (tan x)%)

T T
ii f04 sec’x tan®x dx = f[f' sec’x ((tanx)* + (tan x)ﬁ) dx

T
=rl 51 7%
= [s(tan x) +2(tanx)’ g ONE MARE.

= GOF W) -G OF +20)

_12

=z ONE MARK total /3

35

_, 8 oo 2t _ 14 _ 2dt
d t=tan sing@ = i cosf = o d6~1+t2
u
L I el ONE MARK
o 14sin@+cosg <0 1+_§fn+ﬂ T Jo 1+
e 1ed
=[in{1+]}  ONEMARK
=in4—~Mn2
=1In2 ONE MARK
total /3
e i Show U, = E;r;-l—Un_z.

T
U, = fnz sin"xde = [z Sin""’lx.%(mcosx).dx
integration by parts ONE MARK

T g
[(sin““lx)(—casx)]z - [En — 1) sin"%x,— cos?x dx

=0+(-1) J'Esin““zx. (1 - sin®x)dx

(n-1) [Z(sin™ 2x — sin™x) dx

Up=@-1)Up_y — (n- DU,

-1+ Up=@-1)U,_,

so U, = "T"IUR_Z ONE MARK
31 31 % 3 5
Us 42 Uo 1 2-f0 dx =1 Us 5 Us 32
So Up—Us= = k=32 ONE MARK total /3




QUESTION 12

, 3 3(V)+(x+2)(x-2)  x%—1
a — x=-2 = == ONE MAR K
a i x+2 ¥-2 x+2 x+2 E

., 3
i1 Sketch y= oy and y= x -2 separately and then add ordinates,

c i
/
— j‘: z
T 1
K- T e e |
~1 ’2
-/
- /\
ONE MARIK
x2—1 . -1, .
y= has y intercept at (0, —) and x intercepts at x = +1.
x+2 2 -
i
2_
Sketch y= 2 x-2= 222
x+2 x+2
21
iii ’::_'_2 =0. Graphisnegativefor x<-2 or -1 <v <] ONEMARK
total /3
iii
b Find an equation whose roots are ek = m; & _ v and By = 'gﬂ.
¥ v’ B BB €  aa
—d .__(_1) iv
Now affy =1 from product = T ONE MARK L
3 .
« new roots are ey ',é_z'?
v
1
Solet y= - then t=J—5,_ ONE MARK

33902 _9n_{ = L3 ociyz gty
Then x* +2x = 3 ~1 = 0 becomes ()" + 2(5) 3(ﬁ) 1=0

RPEESIVE LI & L NP ~3y—(f3)'=
) +aAR 3(&) 1=0is 1+2/y~3y— (/3 =0
ONE MARK

3
1+2\/-J7—-3y—(‘/§) =0 can be written as Zﬁ—y y = 3y-1
Square both sides 4y —4y2 + y3 = 92 — 6y +1

Giving 33 —13y%+ 10y-1=0 ONE MARK
total /4
A
0 , cp™h)
C
R
{cq, cg™MQ ONE MARK

P(cp, cp™) and Q(cq, cq™1)

o _ gl g1
So equationis y—ep~l= T (x- e} ONE MARK
~ pg(y—cp™)=—1{x- cp) becomes

xtpgy=c(p+gq) ONE MARK
Cisthexinterceptsolety =0 C (c(p + ¢), 0) ONE MARK
cptcq cpteeq, £ £(rtq

RIFE, =] gives R[7(p+9), £(E)]  ONEMARK
distance OR? = [ £ (’;T:") P+ £+ P ONE MARK
distance RC? = [£ (”?“;—") P+l5p+ @ —co+q)? ONEMARK




= (B +1F @+ or ONE MARK

=[5(E)P+[{(p+DF =0R* +OR=RC total /3

QUESTION 13

a i

iii

b? = a?(e? —1) 5x2 — 4% = 20 becomes ;lxz - gl-y =

5= 42 — 1) a=2 b=+5§
9 _ . .3 _ . , 3
il “z=e Foci S and §° (+ae, 0) become (iZ.E , 0
ONE MARK. Sand S’ (+3,0) ONEMARK
directrices x = i% become x = i% ONE MARK

asymptotes y = +& =% become y= Elv'g x ONE MARK

AN

3t 2] 1t X
ONE MARK.
X = 2sech 5x% — 492 =20 ONE MARK

¥ = \Stan6 LHS = 5x% — 4y? = 5(2sec)? — 4(v5tano)?
=20( (sec)? — (tand)?)=20(1} = RHS

vi

2 _4y2 = _8pP o) gives Lo 3X
Sx—4y? =20 So 10x Syﬁ 0 gives o

4y
dy _ _S2secod _ Esecw
At P(25e¢0,+/Stand) - e = sems - ONEMARK
Equation of tangent y —+vStané = \f_sece (x 25ect)

~2ytan® + V5 xsec® =245 ( (secO)? — (tand)?)
—2ytand + V5 xsecd = 2V5(1)

xsece - —ytan@ =1 ONE MARK

1 . 1
Solve -~ xsecd —%ytan@ =1 with y=—zwf§x

xsece - (—-*f" x)tand =

. 2 _ 1 _ V5
- secg—tang S0 g 2 5% becomes y= sec—tand
5
18 RK
Li (secs tang sece—tums) ONE MA.

Similarly solve -—xsec@ - 7: ytan® = 1 with p=-— 51,/3‘ x gives

Mas (—2 — ONE MARK

sec@+ran® ’ secO+tand )

Now if LP =PM, P must be the midpoint of LM.

2 2 1 V5 -5
Mldpomt of LM is ( 2 Lsece-tcms secB+tan® ] 'z [sec9+tane secO+tane 1 )
— (Lirdsecd; 1 2v/E5seco
= ( 2[ 1 ] ’ 2[ 3 )
= (2sec@,v5tan@) which is P ONE MARK

So the midpoint of LM is P. = LP = PM




X 1+l
Vi Area AOLM =2 x L0 x MO x sin < LOM ONE MARK AREA= [M((3 =) = (200 = A= [P*(3 2 + 2

1 +1
Now —; x L0 x M0 is a constant and independent of @ and so independent of P. A= [3x- ;1'3 +x 2];‘:

Now < LOM is a combination of the angles that the asymptotes make with the x axis. = x4+ 3§ ~x;? ONE MARK
Thatis tan~2(“2) and 7 tan~1("5). So sin< LOM isal tant and - - a
atis ta z) and T tan™ (). So sin 1s also a constant and -~ Maximum occurs where <~ =0 ONE MARK
1
independent of @ and so independent of P. ONE MARK. dA
—= 2% +1 =0
dxy
total /13
L Xy = % ONE MARK,
b %)= 3 — 6x = x(x +E)(x~VE) ONE MARK EACH total /2 it A= %432 —x2 SomaxA= D +37 - (P?=32
i ii ONE MARK
. . dA dz4
\ \/ Justify the maximum ——= —2x, +1 - =-2 concave down
dxy dx,2
N7 N
So a maximum occurs at x, = —21- ONE MARK
| A
total /6
-1
» =10l = 1x® = 6x| Y=y = - ex) . , . AP
b The cross-sectional area is the area of a circle. Radius of this circleis 1 -y, so

AA =mn (1 —y)% The typical slice volume is AV = AA x Ax

A AV=AAXAT= T(1-y)2 Ax ONE MARK
QUESTION 14
Now y=sinx so AV = (1= sinx)?. Ax
ONE MARK
Total volume = V= AV = [ (1 — sinx)2 dx
a i AREA = f:“[(s - x%) = (—2x))dx B}
3 = w fZ (1~ 2sinx + sin®x)dx But sin?x = —:(_1 — cos2x)
= o1 1
- V=m[? (15— 2sinx —-cos2x) dx  ONEMARK
T
K =T [ + 2cosx — = sin2x]? ONE MARX
—3 X=x; V3 = 2 4
. = TE(%’IT — 2) cubic units ONE MARK
x=x;+1 total /4




4y

y=4

2

4

Typical cylindrical shell has cross-sectional area AA = 27y (4-1)

But y=(x—2)? so AA =2mx .(4—(x — 2)%)

=27 (4x — x?) ONE MARK

* Small shell volume AV = 2mx (4x — x%) Ax ONE MARK

Total volume =V = [ AV = 2% [ x (4x - x")dx

=2n [ (4x% - %) dx ONE MARK
=2m[3x7 - <x*8 ONE MARK
128 . .
= m cubic units ONE MARK
total /3

QUESTION 15

a i Afactoris(z+1) so (Z+1¥={z+1)(z*- 22 +z2—z+ 1)

TWO MARKS
Z2 Z3
ii Bach angle is 2@/5
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QUESTION 16 il Prove that By (x+1) — B, (x) = nx ifn=l.

d STEP1 Showtruefor n=1 ONE MARK
a_ i Noting Bi{x)= d_( B, (x))=nB,_,(x) end By(x)=1
x _ LHS=1xl"1=] RHS = B, (x+1) - B, ()
I d -
Bi(x) = 5= (8, () = 1B, ) = RHS == - =D =1
Bi(x) =1 STEP2 Assumetruen=4k ONE MARK
So Bi{x)=x+C ONE MARK
By (1) — B () = kx®= e (B)

Now fol By (x)dx = fol(x + Odx = flxdx + fDICdx

¢ STEP3 Provetruen=Fk+ 1
Noting [ By ()dx =0 then 0 = Jyxdx +Jlcdx  ONEMARK Afm: Toprove Byey(r+1) — Bryy(0) = (ke Dak¥1-1 = (b4 1)k
. =B +1) - B
0= _’;Jlx dx + C : Proof: Now g(x) k1{x+1) e+ (%)
So  g'(x) = Biyq(x+1) - B2 ()
A 0= — fl xdx :
o ; = (+ DBy (+1) — (k +1)B, ()
1 1 '
= — [E-xz]é = ._-2- ONE MARK F = (k+1)[Bk (x+1) HBk (x)]
$0 By (x) = x + C becomes B, (x) = x — % . = (f+1)[ kxk1 from (*) above
ONE MARIL
S gE)=mrlyat+e
ii 8(%) = Baya(r+1) — Bryy(x)
Hence By, i(x+1) ~ By (x} = (b+1) x% +¢
So  g'(x) = Bhuafx+1) - Bl ()
d Braa(1) = Brys(0) = (A+1).0+c
Noting that B}, (x) = EE( B,: (x)) = aB,_,(® 0 = ONE MARK

v 2 ()= Bhaa(etl) - Brug(x) 80 Biya(xt+l} — Bpyy(x) = (A1) x®  as required.

g = (n+ VB, (x+1) - (n+ DB, (x) STEP 4  The proposition is true for = 1 and sinee it is true for n = & +1 it is true
= (+1){B, (x+1) - B, ()] forn=1+1=2, and for » = 2+1 = 3 and so on for all values of » = 1.
g'(x)= (D[ nx™1] (given data) ONE MARK ’ Hence, by mathematical induction, B, (x+1)~ B, () = nx™ 1, n =1,
ONE MARK
Integrate both sides gives g(x) = (n+1)[ nx™ 1%L, ;11-] e )

total /10
Also  gx)=(m+D)x"+¢c ONE MARK



i 2k+3 > Wk+2Zvk¥1

Squaring LHS = 4k? + 12k + 9 RHS = 4(k2 + 3k + 2)

=412 + 12k + §
LHS > RHS « 2k+3 > 2Vk+ 2vR+ 1 ONE MARK.
i 2k+3 > 2vk+2vVk+ 1
S0 2k+3 = 2k+2+] > Wk 2VEF1
1> 2K+ ZvRk+1 -2k +1) ONE MARK
1> 2Wk+1(vE+Z - vk+1)
1
! - . A
So = 2AVEFZ—vk+1) ONE MARK,
1
il W) > 2(VEk4 2 —-+vk+1)
k=0 i1=1 > 2(vZI—1)
1
k=1 — > 2(/3-+2)
1
k=2 NG > 2V~ 3)
k=n1 —= >2(n+1~vn) ONE MARK

Now %+ iz +%+ ....... +% > AUVZ - D2V -+ L +2(n+1-
> WZ-2+28F-1Z 4+ 2 2R T - 2V
> 2n¥i-2 ONE MARK
So i+ 1 +i+ ....... = > 2+ 1-1) total /5
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